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Abstract
In this paper, we study the existence of nontrivial solution for a class of quasilinear
Schrödinger equations in R with the nonlinearity asymptotically linear and,
furthermore, the potential indeﬁnite in sign. The tool used in this paper is the direct
variation method.
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1 Introduction andmain result
In this paper, we consider the following quasilinear Schrödinger equations:
–u′′ +V (x)u –
(|u|)′′u = f (x,u), x ∈R. (.)
Problem (.) arises the theory of superﬂuids or in dissipative quantummechanics, plasma
physics, ﬂuidmechanics, and the theory of Heisenberg ferromagnets; formore details, the
reader may refer to [–] and the references therein.
This problem has been studied by many people in the recent years [–], in which the
existence of solutions has been established. Besides, Alves et al. [] consider the existence
and concentration of positive solutions as ε →  for a related equation with ε. At the
same time, many authors considered the corresponding high dimensional equations; see
[, , –] and the references therein. However, in all the above papers, we notice that the
potential was assumed positive deﬁnite. In this paper, we will investigate the nontrivial
solution for equation (.) with the potential indeﬁnite in sign; the tool used in our paper,
which is diﬀerent from the literature mentioned above, is the direct variation method. It
is noticed that the ideas in this article come from the paper of Chen andWang [], where
a Schrödinger-Poisson system was considered.
To stated our main result, one needs to describe the eigenvalue of Schrödinger operator
– +V :
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where n is the family of n-dimensional subspaces of C∞ (R). Set
λ∞ = limn→∞λn.
It is well known that λ∞ is the bottom of the essential spectrum of – + V if it is ﬁnite.
So, λn is an eigenvalue of – + V of ﬁnite multiplicity whenever λn < λ∞ (see [, ]). It
is easy to see that λn is well deﬁned and is ﬁnite if V is bounded from below.
In this paper, we assume that:
(V) V ∈ C(R) bounded from below and there exists an integer k ≥  such that λk <  < λk+.
(f) f ∈ C(R×R) and there exist constants p >  and c >  such that
∣∣f (x, t)
∣∣ ≤ c( + |t|p–), ∀x ∈R, t ∈R.
(f) f (x, t) = o(t) as t →  uniformly in x ∈R.
(f) There exists  < h < λ∞ such that F(x, t) =
∫ t
 f (x, s)ds≤ ht for all x ∈R and t ∈R.
Our main result of this paper is as follows.
Theorem . Assume (V), (f)-(f) are satisﬁed, then problem (.) has at least one non-
trivial solution.
For equation (.), one may face many diﬃculties. First of all, the Sobolev embedding
H(R) ↪→ L(R) is not compact. To overcome this diﬃculty, one can restrict the functional
I to a subspace of H(R), which embeds compactly into L(R) with certain qualiﬁcations
or consists of radially symmetric functions. For this point, Shen and Han [] considered












V (x)u dx < +∞
}
embeds compactly into L(R) (see []), which is crucial in their paper. However, in our
paper the condition like type (.) does not need to be assumed.
Second, the potential V in this paper is indeﬁnite in sign, so under our conditions (f)-
(f), the mountain pass lemma cannot be valid in the same way as in [, ]. Furthermore,
the competing eﬀect of
∫
R
|u′|u dx with the nonlinear term gives rise to much greater
diﬃculty. For results as regards the potential change sign, we also mention [] and the
references in therein.
2 Proof of main result






V (x)u dx <∞
}
,
which is a linear subspace of H(R).
Wang and Yang Boundary Value Problems  (2015) 2015:215 Page 3 of 5








From (V), we deduce thatE = E˜–⊕ E˜+ and E˜– is a ﬁnite dimensional spacewhich is spanned



















where u = u˜– + u˜+, v = v˜– + v˜+ ∈ E = E˜– ⊕ E˜+. Then (·, ·) is an inner product on E. Therefore,











For any r ∈ [,∞], the embedding E ↪→ Lr(R) is continuous.



































It is well known that the critical points of I are the solutions of problem (.).
Proof of Theorem .
Step : To proof I is coercive. Suppose it is not true, then there existM >  and ‖un‖ → ∞
such that I(un)≤M.
Since h < λ∞, we can choose h < h < λ∞ such that h = λi, ≤ i <∞. Let E– be the space
spanned by the eigenfunctions with corresponding eigenvalue less than h. By the choice
of h, E– is ﬁnite dimensional space. Let E+ = (E–)⊥, then E = E– ⊕ E+. For u ∈ E, we have
a unique decomposition u = u+ + u– with u+ ∈ E+ and u– ∈ E–. By the choice of h, there














































































Let vn = un/‖un‖, then ‖vn‖ = .Multiplying both sides of (.) by ‖un‖–, since ‖un‖ → ∞






∥ + on(). (.)
Up to a subsequence, we assume that vn ⇀ v in E and vn → v a.e. in R. If v = , for the
ﬁnite dimension of E–, one has v–n →  in E. By (.), vn →  in E. It is impossible, since
‖vn‖ = . Hence, v = . Since
∫
R
|u′|u dx is weak sequential lower semi-continuous []





















∣v dx > . (.)










Multiplying both sides of the above inequality by ‖un‖–, by (.) and ‖un‖–I(un)→  as





∣∣v dx > .
This is a contradiction. So, I is coercive.
Step : We will show that I is weakly sequentially lower semi-continuous. Let un ⇀ u
in E. Then lim infn→∞ ‖u+n‖ ≥ ‖u+‖ and u–n → u– in E– since the dimension of E– is ﬁnite.
So, it follows from (f) and
∫
R
|u′|u dx being weakly sequentially lower semi-continuous
that
lim inf
















































Hence, I is weakly sequentially lower semi-continuous.
Step : We will show that I is bounded from below and infE I < . It is easy to see that
I maps every bounded set in E into bounded set in R. Hence by the Step , we see that
I is bounded from below. Next, we will show that infE I < . In fact, since (V), for any
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From (f), we have
∫
R

















Therefore, we can choose some t >  small enough such that I(te) < . So, we get infE I < .
By using direct variation method, Steps  and  show that I has a global minimizer.
From Step , the global minimizer of I is not zero. Therefore, we get a nontrivial solution
of problem (.). 
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